Abstract. Let Z X be the free unital associative ring freely generated by an infinite countable set X = {x1, x2, . . . 3, 2) be the two-sided ideal of the ring Z X generated by all elements [a1, a2, a3, a4] and [a1, a2][a3, a4, a5] (ai ∈ Z X ).
Introduction
Let Z X be the free unital associative ring freely generated by an infinite countable set X = {x i | i ∈ N}. Then Z X is the free Z-module with a basis {x i 1 x i 2 . . . x i k | k ≥ 0, i l ∈ N} formed by the non-commutative monomials in x For n ≥ 2, let T (n) be the two-sided ideal in Z X generated by all commutators [a 1 , a 2 , . . . , a n ] (a i ∈ Z X ). Note that the quotient ring Z X /T (n) is the universal Lie nilpotent associative ring of class n − 1 generated by X.
It is clear that the quotient ring Z X /T (2) is isomorphic to the ring Z[X] of commutative polynomials in x 1 , x 2 , . . . . Hence, the additive group of Z X /T (2) is free abelian and its basis is formed by the (commutative) monomials. Recently Bhupatiraju, Etingof, Jordan, Kuszmaul and Li [5] have proved that the additive group of Z X /T (3) is also free abelian and found explicitly its basis [5, Prop. 3.2] . Very recently in [22] the second author of the present article has proved that the additive group of Z X /T (4) is a direct sum A ⊕ B of a free abelian group A and an elementary abelian 3-group B.
More precisely, let T (3, 2) be the two-sided ideal of the ring Z X generated by all elements [a 1 , a 2 , a 3 , a 4 ] and [a 1 , a 2 ][a 3 , a 4 , a 5 ] where a i ∈ Z X . Clearly, T (4) ⊂ T (3, 2) . It has been proved in [22] that T (3, 2) /T (4) is a nontrivial elementary abelian 3-group and the additive group of Z X /T (3, 2) is free abelian. It follows that the additive group of Z X /T (4) is a direct sum A⊕B where B = T (3, 2) /T (4) is an elementary abelian 3-group and A is a free abelian group isomorphic to the additive group of Z X /T (3, 2) . A Z-basis of the additive group of Z X /T (3, 2) was explicitly written in [22, Lemma 5.6] ; this basis can be easily deduced from the results of either [12] or [15] or [27] . The aim of the present article is to find a basis over F 3 = Z/3 Z of the elementary abelian 3-group T (3,2) /T (4) .
Let
. One can deduce from the results of [12, 15, 27 ] that 3 v 1 ∈ T (4) ; on the other hand, it was proved in [22, Theorem 1.1] that v 1 / ∈ T (4) . Since 3 v 1 ∈ T (4) , we have 3 v k ∈ T (4) for all k. Our first main result is as follows.
Our second main result describes the 3-torsion subgroup T (3, 2) /T (4) of the additive group of Z X /T (4) . Let
Theorem 1.2. The set {e+T (4) | e ∈ E} is a basis of the elementary abelian 3-group T (3,2) /T (4) over F 3 = Z/3 Z.
This theorem confirms the conjecture concerning a basis of T (3, 2) /T (4) over F 3 made in [22, Remark 1.7] .
To prove Theorem 1.1 we use the following result that may be of independent interest. A generating set of the ideal T (4) can be rewritten in the following more convenient way:
is generated (as a two-sided ideal in K Y ) by the polynomials (1) , (2) together with the polynomials
(y i ∈ Y, σ ∈ S 6 ).
Note that 3 [y 1 , y 2 ][y 3 , y 4 , y 5 ] ∈ T (4) for all y i ∈ Y ; one can deduce this from the results of [12, 15, 27] , see also [22, Corollary 2.4] . Hence, if 1 3 ∈ K then all polynomials (8) [
belong to T (4) . Since the polynomials (2)-(4) belong to the ideal generated by the polynomials (8), Theorem 1.3 implies the following corollary that has been proved in [12, 27] .
Corollary 1.5 (see [12, 27] ). If
is generated as a two-sided ideal of K Y by the polynomials (1), (5) and (8) .
Remarks. The study of Lie nilpotent associative rings and algebras was started by Jennings [18] in 1947. Jennings' work was motivated by the study of modular group algebras of finite p-groups. Since then Lie nilpotent associative rings and algebras were investigated in various papers from various points of view; see, for instance, [1, 15, 16, 17, 21, 23, 24, 25, 27] and the bibliography there.
Recent interest in Lie nilpotent associative algebras was motivated by the study of the quotients L i /L i+1 of the lower central series
of the associated Lie algebra of a free associative algebra A; here L n is the linear span in A of the set of all commutators [a 1 , a 2 , . . . , a n ] (a i ∈ A). The study of these quotients L i /L i+1 was initiated in 2007 in a pioneering article of Feigin and Shoikhet [13] ; further results on this subject can be found, for example, in [2, 3, 4, 8, 9, 12, 19, 20] . Since T (n) is the ideal in A generated by L n , some results about the quotients T (i) /T (i+1) were obtained in these articles as well; in [12, 20] the latter quotients were the primary objects of study.
In 2012 Bhupatiraju, Etingof, Jordan, Kuszmaul and Li [5] started the study of the quotients L i /L i+1 for free associative rings A; that is, for free associative algebras A over Z. In this case the quotients in question (may) develop torsion and one of the objects of study is the pattern of this torsion. In [5] many results concerning torsion in L i /L i+1 were obtained and various open problems concerning this torsion were posed. Various results about the quotients T (i) /T (i+1) and A/T (i+1) were obtained also in [5] ; in particular, as mentioned above, it was proved that the additive group of Z X /T (3) is free abelian and a basis of this group was exhibited [5, Prop. 3.2] . Some further results concerning the quotients T (i) /T (i+1) for various associative rings A were obtained by Cordwell, Fei and Zhou in [7] .
It was observed in [5] that in the quotients T (i) /T (i+1) there is no torsion in the (additive) subgroups generated by the polynomials of small degree. However, in [22] the second author of the present article has proved that the image of
is an element of order 3, that the torsion subgroup of Z X /T (4) coincides with T (3,2) /T (4) and that the latter is an elementary abelian 3-group. To find a basis of this group is the aim of the present article.
Interesting computational data about the torsion subgroup of T (i) /T (i+1) for various i was presented in [7] . In particular, this data suggests that the additive group of Z X /T (5) may have no torsion. Whether this group is torsion-free indeed is still an open problem. In [6] Costa and the second author of the present article have found generators for the ideal T (5) of the free associative algebra K X . This result is similar to Theorem 1.3, which gives such generators for the ideal T (4) . The result of [6] might be the first step in proving that the additive group of Z X /T (5) is torsion-free.
Preliminaries
Let K be an arbitrary associative and commutative unital ring. An ideal T of the free K-algebra K X is called T -ideal if φ(T ) ⊆ T for all endomorphisms φ of K X . One can easily see that T (4) and T (3, 2) are T -ideals. We refer to [10, 14, 26] for terminology, basic facts and references concerning T -ideals and polynomial identities in associative algebras.
.. ) for all t. We say that the polynomials f (i 11 ,i 12 ... ) , . . . , f (i s1 ,i s2 ... ) are multihomogeneous components of the polynomial f . For instance, if f = x 3 1 +2x 1 x 2 x 1 −x 2 1 x 2 then x 3 1 and 2x 1 x 2 x 1 −x 2 1 x 2 are the multihomogeneous components of f of multidegrees (3, 0, . . . ) and (2, 1, 0, . . . ), respectively.
We say that an ideal I of K X is multihomogeneous if, for each f ∈ I, all multihomogeneous components of f also belong to I. The ideal T (4) is multihomogeneous because it is spanned by multihomogeneous polynomials a 0 [a 1 , a 2 , a 3 , a 4 ]a 5 where all a i are monomials. Similarly, the ideal T (3,2) is also multihomogeneous.
Let Γ be the unital subalgebra of the free K-algebra K X generated by all (left-normed) commutators [x i 1 , x i 2 , . . . , x i l ] where l ≥ 2 and x i ∈ X for all i. The following assertion is well-known for an arbitrary T -ideal T in K X if K is an infinite field (see, for instance, [10, Proposition 4.3.3] ). However, its proof remains valid over an arbitrary associative and commutative unital ring K if the T -ideal T is multihomogenous. Proposition 2.1 (see [10] ). Let K be an associative and commutative unital ring and let T be a multihomogeneous T -ideal in the free unital associative algebra K X . Then T is generated by the set T ∩ Γ as a two-sided ideal of K X .
Note that if I is a two-sided ideal of K X then, for all i,
It follows that if the set I ∩ Γ generates I as a two-sided ideal of K X then I ∩ Γ generates I as a left ideal as well. Thus, we have Corollary 2.2. Let K be an associative and commutative unital ring and let T be a multihomogeneous T -ideal in the free unital associative algebra K X . Then T is generated by the set T ∩ Γ as a left ideal of K X .
The following lemma is well-known.
Lemma 2.3. The additive group of the ring Z X is a direct sum of the subgroups
This equality can be rewritten as follows:
Lemma 2.4. Let I be a left ideal of Z X generated (as a left ideal in Z X ) by a set S ⊂ Γ. Then
where Γ · S is the left ideal of the ring Γ generated by S. In particular,
Proof. We have
Since S ⊂ Γ, we have 
that is,
is isomorphic to Γ/(Γ · S) with an isomorphism induced by the mapping
Let P n (n ≥ 1) be the subgroup of the additive group of Z X generated by all monomials which are of degree 1 in each variable x 1 , . . . , x n and do not contain any other variable. Then P n is a free abelian group of rank n!.
The following well-known theorem (see, for example, [10, Theorem 4.3.9]) describes a certain basis S (called Specht basis) of the free abelian group P n ∩Γ. Note that in [10] this theorem is stated for the vector subspace P n ∩Γ of the free algebra K X over a field K. However, it remains valid for the additive group P n ∩ Γ of the free ring Z X . Indeed, on one hand, it is easy to see that the elements of the set S generate the additive group P n ∩ Γ. On the other hand, the set S is linearly independent over Q in Q X , therefore, it is linearly independent over Z in Z X ⊂ Q X . 
Theorem 2.6 (see [10]). A basis S of the free abelian group
For example, the Specht basis S of P 4 ∩ Γ is as follows: S = S 1 ∪ S 2 where
The basis S of P 5 ∩ Γ is as follows: S = S 1 ∪ S 2 ∪ S 3 where
3. Proof of Theorem 1.1
In this section we will prove Theorem 1.1 assuming that Corollary 1.4 holds. If K = Z and Y = X = {x i | i ∈ N} then Corollary 1.4 can be rewritten as follows:
is generated as a two-sided ideal in Z X by the polynomials
We need the following:
is generated as a left ideal in Z X by the polynomials (14) [
together with the polynomials (11)- (13) .
Proof. Let I 1 be the two-sided ideal of Z X generated by all polynomials (10) . It is clear that as a left ideal I 1 is generated by the polynomials (14) . Let I 2 be the two-sided ideal of Z X generated by all polynomials (10) and (11) . One can easily check that, modulo I 1 , each polynomial of the form (11) is central in Z X . It follows that I 2 /I 1 is generated as a left ideal in Z X /I 1 by the images of the polynomials (11). Hence, I 2 is generated as a left ideal in Z X by the polynomials (14) and (11) .
Let I 3 be the two-sided ideal of Z X generated by all polynomials (10)- (12) . Since the polynomials (12) are central modulo I 2 , I 3 /I 2 is generated as a left ideal of Z X /I 2 by all polynomials (12) . It follows that I 3 as a left ideal of Z X is generated by the polynomials (14) , (11), (12) . Now to complete the proof of Lemma 3.2, that is, to prove that T (4) is generated as a left ideal of Z X by the polynomials (14) together with the polynomials (11)- (13) , it suffices to check that the polynomials (13) are central modulo I 3 . Since each polynomial of the form (13) is, modulo I 1 , a linear combination of polynomials of the form (15) [
it suffices to check that each polynomial of the form (15) is central modulo I 3 . We have
where
One can easily check that f 1 , f 2 ∈ I 3 . Further,
where each sum in parenthesis belong to I 3 . Hence, f 3 belongs to I 3 and so does the polynomial (16) . It follows that each polynomial (15) is central modulo I 3 so T (4) is generated as a left ideal in Z X by the polynomials (14) and (11)- (13) . The proof of Lemma 3.2 is completed.
Recall that Γ is the unital subring of Z X generated by Λ.
Let Γ (4) = T (4) ∩ Γ; note that Γ (4) is an ideal of the ring Γ. By Lemmas 2.4 and 3.2, we have Corollary 3.3. The ideal Γ (4) is generated as a left ideal of Γ by the polynomials (11) , (12) , (13) and (14) .
Let P be the set of all products c 1 . . . c m where m ≥ 0, c 1 , . . . , c m ∈ Λ, ℓ(c 1 ) ≤ · · · ≤ ℓ(c m ). We assume that if m = 0 then the product above is equal to 1 so 1 ∈ P. One can easily check that the set P generates the additive group of Γ.
The following proposition can be deduced easily from Corollary 3.3. 
Note that the elements (17)- (20) are multihomogeneous so the additive group P n ∩ Γ (4) is generated by all elements (17)- (20) that belong to P n .
Let W = P 2k+3 ∩ Γ. Then W is generated (as an additive group) by the products c 1 . . . c m (m ≥ 1) of commutators c i ∈ Λ (1 ≤ i ≤ m) such that c 1 . . . c m ∈ P 2k+3 . Note that at least one of the commutators c i is of odd length.
Let W ′ be the subgroup of W generated by those products c 1 . . . c m ∈ P 2k+3 of commutators that contain either a commutator c i of length at least 4 or at least 2 commutators c i , c j (i = j) of length 3. One can easily check that W ′ can be generated by the products c 1 . . . c m ∈ P that belong to P 2k+3 and have ℓ(c m ) ≥ 4 or ℓ(c m−1 ) = ℓ(c m ) = 3. Note that the latter set of generators of W ′ is the set of all elements of the forms (17)-(18) that belong to P 2k+3 . It follows that W ′ ⊂ (P 2k+3 ∩ Γ (4) ).
Note that, by Theorem 2.6, W is a free abelian group with the Specht basis S consisting of certain products c 1 c 2 . . . c m of commutators; these products c 1 c 2 . . . c m ∈ S were described in Theorem 2.6. One can easily check that a basis of W ′ is formed by the products c 1 c 2 . . . c m ∈ S such that either the commutator c m is of length at least 4 or the commutators c m−1 , c m are of length 3. It follows that W/W ′ is a free abelian group whose basis is formed by the images of the products c 1 c 2 . . . c m ∈ S such that c 1 , c 2 , . . . , c m−1 are commutators of length 2 and c m is a commutator of length 3. Let
Then C coincides with the set of the products c 1 c 2 . . . c m ∈ S above whose images form a basis of W/W ′ . Hence, we have
Note that W ′ ⊂ (P 2k+3 ∩ Γ (4) ) ⊆ W . It follows immediately from Proposition 3.4 that the group (P 2k+3 ∩ Γ (4) )/W ′ is generated by the images of the elements of the forms (19)-(20) that belong to P 2k+3 .
We claim that all elements of the form (20) belonging to P 2k+3 are contained, modulo W ′ , in the subgroup U generated by the elements of the form (19) that belong to P 2k+3 . Indeed, if suffices to check that the elements
belonging to P 2k+3 are contained in U + W ′ because all elements of the form (20) belonging to P 2k+3 are, modulo W ′ , linear combinations of the elements above.
Recall that I 1 is the two-sided ideal of Z X generated by all polynomials of the form (10) , that is, by all commutators of length 4 in x l (l ∈ N). Since all commutators in variables x l (l ∈ N) of length at least 2 commute modulo
Hence, each element of the form (21) is, modulo I 1 , a linear combination of elements of the form (19) . Since (P 2k+3 ∩ I 1 ) ⊂ W ′ , the claim follows.
It follows that the group (P 2k+3 ∩ Γ (4) )/W ′ is generated by the images of the elements (19) belonging to P 2k+3 , that is, by the elements g + W ′ where
. It is easy to check that if for some s, 1 ≤ s ≤ m, the commutator c s is of length at least 3 then the product g of the form (22) belongs to W ′ . Hence, we have Lemma 3.6. The (additive) group (P 2k+3 ∩ Γ (4) )/W ′ is generated by the elements g+W ′ where g is of the form (22) , m = k−1 and c 1 , . . . , c (k−1) ∈ Λ are commutators of length 2.
Let H be the free abelian group on a basis
Note that H is isomorphic to the additive group of the group ring ZS 2k+3 of the symmetric group S 2k+3 with an isomorphism
Let Q be the subgroup of H generated by all elements
Proof. It is clear that the elements of the forms (23), (24) and (25) belong to ker ψ. Hence, Q ⊆ ker ψ. On the other hand, one can easily check that H/Q is generated by the set D = {d + Q | d ∈ D} where
Clearly, µ(D) = C so, by Lemma 3.5, µ(D) is a basis of W/W ′ . It follows that D is a basis of H/Q and ker ψ = Q, as required.
Let P be the subgroup of H generated by all elements
where {i 1 , . . . , i 2k+3 } = {1, . . . , 2k+3}, σ ∈ S 2k+3 . Note that Q ⊂ P because a generating set of Q is a subset of a generating set of P . By Lemma 3.6, the (additive) group (P 2k+3 ∩ Γ (4) )/W ′ is generated by the elements
where {j 1 , . . . j 2k−2 , i 1 , . . . , i 5 } = {1, . . . , 2k + 3} and τ ∈ S 5 . It follows that ψ −1 (P 2k+3 ∩ Γ (4) )/W ′ is generated by the elements
together with ker ψ = Q so
(In fact, one can check that ψ −1 (P 2k+3 ∩Γ (4) )/W ′ = P but for our purpose (26) is sufficient.) Note that v k = c 12...(2k+3) ∈ P 2k+3 ∩ Γ so to prove that v k / ∈ T (4) (that is, to prove Theorem 1.1) it suffices to prove that v k / ∈ (P 2k+3 ∩ Γ ∩ T (4) ) = (P 2k+3 ∩ Γ (4) ). To prove the latter it suffices to check that (26) , to prove Theorem 1.1 it suffices to prove the following:
Proof. Let µ : H → Z be the homomorphism of H into Z defined by
∈ P . This completes the proof of Lemma 3.8 and hence of Theorem 1.1.
Proof of Theorem 1.2
Recall that T (4) and T (3, 2) are multihomogeneous T -ideals of Z X . Hence, by Corollary 2.2, T (4) and T (3, 2) are generated, as left ideals of Z X , by the sets Γ (4) = T (4) ∩ Γ and Γ (3,2) = T (3,2) ∩ Γ, respectively. By Lemma 2.4,
.
By Corollary 2.5, to prove Theorem 1.2 it suffices to prove the following lemma.
Lemma 4.1. The set {e ′ +Γ (4) | e ′ ∈ E ′ } is a basis of the elementary abelian
Proof. We claim that the set {e ′ + Γ (4) | e ′ ∈ E ′ } generates the (additive) group Γ (3,2) /Γ (4) . Indeed, let
and let I (3, 2) be the ideal in Z X generated by S. We need the following lemma proved in [22, Lemma 6.1].
Lemma 4.2 (see [22] ). T (3,2) = T (4) + I (3, 2) .
It follows from Lemma 4.2 that T (3,2)
is generated as a two-sided ideal of Z X by the set Γ (4) ∪ S. Hence, Γ (3, 2) is generated as a two-sided ideal of Γ by the same set Γ (4) ∪ S. In other words, Γ (3,2) /Γ (4) is the ideal of the (commutative) algebra Γ/Γ (4) generated by the image of S. Since, for all j l ∈ N,
is generated by the products
It follows easily from (12) that
for all permutations σ ∈ S 2k+3 so the group Γ (3,2) /Γ (4) is generated by the elements
such that k ≥ 1 and i 1 < i 2 < · · · < i 2k+3 . Thus, the set {e ′ + Γ (4) | e ′ ∈ E ′ } generates the group Γ (3,2) /Γ (4) , as claimed. It follows easily from Theorem 1.1 that e ′ / ∈ Γ (4) for all e ′ ∈ E ′ . Since 3 · e ′ ∈ Γ (4) (e ′ ∈ E ′ ), Γ (3,2) /Γ (4) is a non-trivial elementary abelian 3-group generated by the image of E ′ .
It remains to check that the image of the set E ′ is linearly independent in Γ (3,2) /Γ (4) over F 3 = Z/3Z. Suppose that
Note that the polynomials e ′ 1 , . . . , e ′ n belong to distinct multihomogeneous components of the ring Z X . Since T (4) is a multihomogeneous T -ideal, it follows from (27) 
This completes the proof of Lemma 4.1 and of Theorem 1.2.
Proof of Theorem 1.3 and of Corollary 1.4
Let I be the ideal of K Y generated by the polynomials (1)-(5). We will prove Theorem 1.3 by showing that I = T (4) .
First we prove that I ⊆ T (4) . It is clear that the elements (1) belong to T (4) . Further, it is well-known (see, for instance, [12 
[ a 1 , a 2 , a 3 ][a 4 , a 5 ] + [a 1 , a 4 , a 3 ] [a 2 , a 5 ] ∈ T (4) . (29) It follows that the elements (3) and (4) belong to T (4) .
It is also well-known (see, for example, [17, Theorem 3.2] , [23, Lemma 1]) that, for all a 1 , . . . , a 6 ∈ K Y , we have
Indeed, by (28) we have
, as claimed. In particular, the elements (2) belong to T (4) . Now to prove that I ⊆ T (4) it remains to check that the elements (5) belong to T (4) . By (29), for all a 1 , . . . , a 6 ∈ K Y we have
Note that
by (29) and
by (29) and (30) 
In particular, the elements (5) belong to T (4) . Thus, all the generators (1)- (5) of the ideal I belong to T (4) . Hence, I ⊆ T (4) . Now we prove that T (4) ⊆ I. Since the ideal T (4) is generated by the polynomials [a 1 , a 2 , a 3 , a 4 ] (a i ∈ K Y ), it suffices to check that, for all a i ∈ K Y , the polynomial (31)
[ a 1 , a 2 , a 3 , a 4 ] belongs to I. Clearly, one can assume that all a i are monomials. In order to prove that each polynomial of the form (31) belongs to I we will prove that, for all monomials a i ∈ K Y , the following polynomials belong to I as well:
The proof is by induction on the degree m = deg f of a polynomial f that is of one of the forms (31)-(35). It is clear that m ≥ 4. If m = 4 then f is of the form (31) with all monomials a i of degree 1. Hence, f is of the form (1) so f ∈ I. This establishes the base of the induction.
To prove the induction step suppose that m = deg f > 4 and that all polynomials of the forms (31)-(35) of degree less than m belong to I. Case 1. Suppose that f is of the form (32),
If deg f = 6 then f is of the form (5) so f ∈ I. If deg f > 6 then, for some i,
We claim that to check that f ∈ I one may assume without loss of generality that i = 1 or i = 6. Indeed, we have f (a 1 , . . . , a 4 , a 5 , a 6 ) = −f (a 1 , . . . , a 4 , a 6 , a 5 ). Further, by the induction hypothesis, a 2 , a 3 , a 1 , a 5 , a 6 ) (mod I). On the other hand, by the induction hypothesis,
f is a polynomial of the form (32) of degree m then f ∈ I. Case 2. Suppose that f is of the form (33),
If deg f = 6 then f is of the form (2) so f ∈ I. If deg f > 6 then, for some i,
We claim that to check that f ∈ I one may assume without loss of generality that i = 1 or i = 3.
Indeed, f (a 1 , a 2 , a 3 , . . . ) = −f (a 2 , a 1 , a 3 1 , a 2 , a 3 , a 4 , a 5 , a 6 ) ≡ f (a 4 , a 5 , a 6 , a 1 , a 2 , a 3 ) (mod I) .
The claim follows.
Suppose that a 3 = a ′ 3 a ′′ 3 . Then On the other hand, by the induction hypothesis,
It follows that f ∈ I if a 1 = a ′ 1 a ′′ 1 . Thus, if f is a polynomial of the form (33) of degree m then f ∈ I. Case 3. Suppose that f is of the form (34). If deg f = 5 then f is of the form (3) so f ∈ I. If deg f > 5 then, for some i, 1 ≤ i ≤ 5, we have (25) and (24) generate the entire group S 5 of the permutations of the set {1, 2, 3, 4, 5}, the result follows.
It follows from Lemma 5.1 that the polynomials (6) belong to T (4) . One can prove in a similar way that the polynomials (7) belong to T (4) as well. Thus, I ⊆ T (4) , as required.
The proof of Corollary 1.4 is completed.
